Abstract. Electronic states in metallic carbon nanotubes under external force have been studied based on the effective-mass theory. Constant strains open energy gap and what type of strains can do so is dependent on the chirality of carbon nanotube. The induced gap and the total electronic energy agree well with the results by the tight-binding model and this strongly support the validity of our model.
INTRODUCTION
A carbon nanotube (CN) is a quasi-one-dimensional material made up of sp 2 carbon network [1] . It is surprising that a CN can become metallic or semiconducting dependent only on the network structure without charge doping [2] . So, CN's strongly attracts many researchers as one of the most promising candidates to support nanotechnology in the near future.
There have been several theoretical reports on energy-gap formation of carbon nanotubes under mechanical deformation [3, 4] . In this paper, we study electronic states of a metallic CN under slowly-varying lattice deformation based on the effective-mass theory and show that the deformation induces the energy gap proportional to the amplitude of strain.
EFFECTIVE-MASS THEORY
First, we calculate electronic energy of metallic CN's under static and uniform strain within the effective-mass approximation. A metallic CN has two Fermi points and the Hamiltonian around Fermi energy is represented by the massless Dirac equation, or what is called Weyl equation [5] . Here, Cartesian coordinates are adopted on the nanotube surface, where x-axis is defined to be in a circumference direction with a periodic boundary condition and y-axis is in a nanotube axis. The effective Hamiltonian around one Fermi point incorporating electron-lattice interaction is derived from the tight-binding model with the modification of transfer integral due to the lattice deformation [6] and given by
where v 0 is a Fermi velocity andk x (k y ) is defined as −i∂ x (−i∂ y ). Two real constants g 1 and g 2 represent coupling between electrons and strains u ij . It should be noted that strains are defined as the acoustic components of lattice displacements and that off-diagonal interaction is dependent on the chiral angle η of CN's. Because the Hamiltonian around the other Fermi point has the same energy spectrum for metallic nanotubes, electronic states are discussed only around one Fermi point with the above two-component Hamiltonian. Now that strains are static and uniform, or constants, diagonal terms give nothing but a constant energy shift to each one-particle state, and we neglect it hereafter. It is possible for off-diagonal terms to change electronic states and to generate an energy gap around Fermi energy. Actually, we analytically obtain the one-particle energy as follows:
where U 1 = g 2 (u xx − u yy ) and U 2 = 2g 2 u xy . The periodic boundary condition for circumference length L makes k x discrete as 2πn/L with n integer. The lowest conduction and the highest valence bands with n = 0 are in touch with each other at Fermi energy ( = 0). Therefore the shift to k x opens an energy gap, while that to k y which is a continuous variable slightly moves Fermi points with Fermi energy fixed. The energy gap induced by small strains is equal to
So, the energy gap grows linearly in terms of strains. What is significant here is that the induced energy gap depends on the chirality of CN's. Uni-axial strain u xx or u yy opens energy gap for an zigzag CN (η = 0), while torsional strain does so for an armchair CN(η = π/6). For a chiral CN, both types of strains induce energy gap. Electron-lattice interaction brings about the chirality dependence and this behavior of an energy gap induced in a metallic CN is closely related to its temperature dependence of phonon-limited resistivity [6] .
TIGHT-BINDING MODEL
In this section, we compare the previous results with those of the tight-binding model to clarify the validity of the effective-mass theory in this problem. For simplicity, we concentrate on (N, N) armchair CN's. The one-particle energy without diagonal energy shift is given by
for n = 0, 1, · · · , 2N − 1 and −π < k < π. The transfer integral γ 0 is related tohv 0 ashv 0 = 3bγ 0 /2 with b the equilibrium bond length. Even if U 1 = 0, or uni-axial strain is introduced, the four states with n = 0 remains at Fermi energy as long as U 2 = 0 because k can vary continuously to compensate deviations from U 1 . However, torsional strain inevitably opens an energy gap proportional to its amplitude, and the energy gap is a oscillating function of strain because the bottom of higher conduction bands becomes lower as the torsional strain grows. Calculated energy gaps are plotted for (10, 10) and (20, 20) CN's in FIGURE 1, and both results are in excellent agreement at small strain. Deviations for large strain come from contributions of higher-order corrections in the effective-mass theory. In addition, we calculate the total electronic energy. It is necessary to make several assumptions to compare results between the effective-mass theory and the tight-binding model. First, we should introduce an appropriate cut-off function to suppress divergence due to the n summation and k integration over infinite range [7, 8] . Further, we assume that the strain dependence in the total energy is independent of what function is selected for cut-off as long as it is a smooth function decaying rapidly at infinity. Next, it is necessary to extract contributions around Fermi energy from the total energy in the tight-binding model because that effective-mass theory can describe contributions only around Fermi energy. Here, we make a conjecture that contributions away from Fermi energy are given by the total electronic energy of a graphene sheet, and we subtract the total energy of a graphene sheet under strain thorough the calculation of the tight-binding model [8] . Under these assumptions, electronic energy per one carbon atom is shown in FIGURE 2. For each data, the differences from the value without strain are plotted. Clearly, this also shows quite a good agreement, and it seems that the effective-mass theory correctly reproduces not only the band gap but also the strain dependence in the summation of electronic energy around Fermi energy. It is noted that metallic nanotubes are unstable to slowly-varying deformation because the total electronic energy decrease always overcomes the energy increase due to lattice deformation as is the case with Kekulé distortion.
DISCUSSION
Finally, we make a rough estimate of the deformation necessary for the maximum gap formation. The results in the previous section shows that the induced gap has the maximum value around U 2 ∼ 1/N for the (N, N) ) armchair CN, and the ratio g 2 /γ 0 is estimated to be of the order of unity. Then, u xy should be of the order of 1/N . Approximately, this strain makes an armchair CN twisted once per the length N 2 a which is about 400Åfor (10,10) armchair CN's. Therefore, it does not seem so difficult to open energy gap in metallic CN's by lattice deformation, and for the CN with large diameter it is promising that the gap oscillation is experimentally realized by external forces.
